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Abstract
We construct a nonseparable C-algebra that is prime but not primitive. This solves an old
problem of Dixmier.
r 2003 Elsevier Inc. All rights reserved.
MSC: 46L05; 16G99
0. Introduction
A C-algebra is prime if the intersection of any two nonzero (closed, two-sided)
ideals is nonzero. It is primitive if there exists a faithful irreducible representation.
It is fairly easy to see that any primitive C-algebra must be prime. Conversely,
following a related result of Kaplansky [2], Dixmier [1] showed that every separable
prime C-algebra is primitive. The question whether, indeed, every prime C-algebra
is primitive has remained open. We answer this question negatively by more or less
explicitly constructing a counterexample.
The basic idea is this. Our C-algebra A is generated by a family of commuting
projections together with a family of partial isometries which link selected
projections. A is prime because any nonzero ideal contains a projection and any
two projections lie above a pair of projections which are linked by a partial isometry.
A is not primitive because every state onA vanishes on the ideal generated by some
projection—and thus no irreducible representation, indeed no cyclic representation,
can be faithful. Thus, A is prime but not primitive. The two conditions place
competing demands on the set of partial isometries: it must be sufﬁciently abundant
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to verify the ﬁrst claim and sufﬁciently sparse to verify the second. The demands are
met simultaneously by selecting the set of partial isometries via a process of
transﬁnite induction.
1. The construction
We adopt the conventions that N ¼ f1; 2; 3;yg; that Rn ¼ fa : f1;y; ng-Rg;
and that 2@0 is the smallest ordinal of cardinality 2@0 : Let X be the set of all sequences
of real numbers, i.e., X ¼ fx : N-Rg: Give X counting measure and let H ¼ l2ðX Þ:
The C-algebra we construct will be naturally represented on H:
For each aARn deﬁne
Xa ¼ fxAX : xðiÞ ¼ aðiÞ for 1pipng
and let PaABðHÞ be the orthogonal projection onto l2ðXaÞCl2ðXÞ: Deﬁne
Un ¼ fPa: aARng
and U ¼ SUn:
Next, for any nAN and any a; bARn; deﬁne a bijection fa;b : Xb-Xa by
fa;bðxÞðiÞ ¼
aðiÞ if ipn;
xðiÞ if i4n:

for xAXb and iAN: Observe that any sequence in Xb contains the n-tuple b as an
initial segment and fa;b simply replaces this initial segment with a: Since fa;b is a
bijection, composition with fa;b deﬁnes an isometry from l
2ðXaÞ onto l2ðXbÞ: Thus, let
Va;bABðHÞ be the partial isometry with domain projection Pa and range projection
Pb deﬁned by composition with fa;b on Xa:
The following observations will be useful in the sequel. For any Pa; PbAU; if a is
an extension of b then PapPb; while if neither a extends b nor b extends a then
PaPb ¼ 0: Also, Pa ¼ Va;a: Lastly, an easy induction shows that any ﬁnite product of
partial isometries of the form Va;b is again a partial isometry of the form Va;b; even if
the different factors involve tuples of different lengths.
Let W1 ¼ UU and let W2 ¼ fZCU: Z is countableg: By standard set
theory, U;W1; and W2 all have cardinality 2
@0 : Thus, there exist bijections
fi: 2
@0-Wi ði ¼ 1; 2Þ: Fix such bijections f1 and f2: We now construct a transﬁnite
sequence of natural numbers ðnsÞ and two transﬁnite sequences of tuples ðasÞ and
ðbsÞ; all for so2@0 ; with the following properties:
(i) as; bsARns ;
(ii) if f1ðsÞ ¼ ðPa; PbÞ then as and bs properly extend a and b; respectively, and
(iii) asðnsÞ; bsðnsÞeRs ¼ Ss,Ts; where
Ss ¼ fatðnsÞ; btðnsÞ: tos and nspntg;
Ts ¼ fcðnsÞ: PcAf2ðtÞ for some tos and nsplengthðcÞg
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for all so2@0 : The construction proceeds by transﬁnite induction. Fix so2@0 and
suppose nt; at; and bt are deﬁned for all tos: Say f1ðsÞ ¼ ðPa; PbÞ: Let na and nb be
the lengths of a and b; respectively, and let ns ¼ maxðna; nbÞ þ 1: Then deﬁne Rs; Ss;
and Ts as in condition (iii) above. Both Ss and Ts are subsets of R of cardinality
strictly less than 2@0 ; so we can ﬁnd rAR not in Rs ¼ Ss,Ts: Let as and bs be ns-
tuples which extend a and b; respectively, and satisfy asðnsÞ ¼ bsðnsÞ ¼ r: This
completes the deﬁnition of ns; as; and bs:
For any so2@0 deﬁne Vs ¼ Vas;bs ; then let V ¼ fVs: so2@0g: Let A be the
C-algebra generated by U and V:
This completes the construction. Although a few arbitrary choices were made, if
one wanted to make the construction more concrete a deﬁnite rule could be given for
each choice, modulo the identiﬁcation of 2@0 with an ordinal. Also note that
although A is nonunital, we could give it a unit by deﬁning U0 ¼ fIg and letting
U ¼ SnX0Un: This would not affect any part of our argument in Section 2.
2. Proof of the result
Retain the notation of the preceding section.
Lemma 1. The C-algebra A is prime.
Proof. For any BAA let gB be the function on X deﬁned by gBðxÞ ¼ /Bwx; wxS;
where wxAH is the characteristic function of x:
Let I be a nonzero closed, two-sided ideal of A: Then I contains a nonzero
positive operator A: Since A is generated by U and V; A is approximated by a
sequence of -polynomials in elements of U and V; which means that A is in the
C-subalgebra generated by a countable subset Q of U,V:
Since A40; there exists xAX such that gAðxÞ40: Fix such an x: Then let B be a
-polynomial in elements of Q such that jjB  AjjogAðxÞ=2: This implies that
jjgB  gAjjNogAðxÞ=2; which in particular yields jgBðxÞj4gAðxÞ=2:
Now B is a -polynomial in a ﬁnite number of elements BiAQ; so we can ﬁnd nAN
which strictly exceeds the length of any tuple a such that Bi ¼ Pa for some i; as well
as the length of any tuples a and b such that Bi ¼ Va;b for some i: Let a0 ¼
ðxð1Þ;y; xðn  1ÞÞ: Then any -monomial B0 in the Bi’s is equal to some Va;b with
lengthðaÞ ¼ lengthðbÞpn  1; and therefore gB0  0 or gB0  1 on Xa0 : Taking linear
combinations shows that gB is also constant on Xa0 : Moreover, since xAXa0 and
jgBðxÞj4gAðxÞ=2; it follows that jgBj4gAðxÞ=2 on Xa0 ; and this implies that gA40
on Xa0 :
Next, since Q is countable we can ﬁnd rAR such that aðnÞar whenever PaAQ and
nplengthðaÞ; and aðnÞ; bðnÞar whenever Va;bAQ and nplengthðaÞ ¼ lengthðbÞ: Let
a be the n-tuple which extends a0 and satisﬁes aðnÞ ¼ r: We claim that for any element
C of the C-algebra generated by Q; the function gC is constant on Xa and
/Cwy; wzS ¼ 0 for all distinct y; zAXa: If C is a -monomial in elements of Q then
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C is a partial isometry, C ¼ Va0;b0 ; with a0ðnÞ; b0ðnÞar or a0ðnÞ; b0ðnÞ not deﬁned,
either of which implies the claim. The claim then holds for -polynomials by linearity
and in general by continuity.
In particular, the claim holds for C ¼ A; so that PaAPa is a scalar multiple of Pa:
But we showed above that gA40 on Xa0*Xa; so in fact PaAPa is a nonzero scalar
multiple of Pa; and hence PaAI:
Let J be any other nonzero closed, two-sided ideal ofA: By similar reasoning we
can ﬁnd some PbAJ: Now the pair ðPa; PbÞ belongs to W1; so we have f1ðsÞ ¼
ðPa; PbÞ for some so2@0 : Let as and bs be as in Section 1. Then as and bs properly
extend a and b; respectively, so PasoPa and PbsoPb; and therefore PasAI and
PbsAJ: Furthermore, the partial isometry Vs satisﬁes VsPasV

s ¼ Pbs : Thus,
PbsAI-J: This shows that A is prime. &
Lemma 2. Let r be a state on A: Then there is a 1-tuple aAR1 such that r vanishes on
the ideal generated by Pa:
Proof. For each nAN; the projections Pb are orthogonal as b ranges over Rn:
Therefore, r is nonzero on only countably many members of each Un: It follows that
the set
Z ¼ fPbAU: rðPbÞa0g
is countable. Thus, ZAW2 and we have Z ¼ f2ðsÞ for some so2@0 : Fix this value of
s; let S be the set of all values atð1Þ and btð1Þ such that tps; and let T be the set of
all values cð1Þ such that PcAf2ðsÞ: Then deﬁne a 1-tuple a by letting að1Þ be any
element of R which avoids S and T :
We will show that r vanishes on the ideal generated by Pa: The main step is the
following claim: for any ﬁnite product A of elements of U,V,V at least one of
which is Pa; there exist nAN and bARn such that
(1) PbA ¼ A;
(2) atðnÞabðnÞ and btðnÞabðnÞ for all tps such that npnt; and
(3) cðnÞabðnÞ for all PcAf2ðsÞ such that nplengthðcÞ:
We will assume Aa0: In the base case, for a product of length 1 we have A ¼ Pa
and we can take b ¼ a and n ¼ 1: Property (1) is trivial, and (2) and (3) follow
directly from the deﬁnition of a: Now suppose the induction hypothesis holds for all
products of length at most k and let A be a product of length k þ 1: If the leftmost
factor of A is Pa then we can still take b ¼ a and n ¼ 1: Otherwise, write A ¼ CB
where CAU,V,V and B is a product of length k which includes Pa as a factor.
Let b and n satisfy (1)–(3) for B: If CAU then b and n also satisfy (1)–(3) for A; so
assume CAV,V: Without signiﬁcant loss of generality we can suppose C ¼ Vk
for some ko2@0 :
Let ak and bk be as in Section 1. If n4nk then lengthðakÞolengthðbÞ; and
CB ¼ Aa0 and PbB ¼ B then imply that b is an extension of ak: (Otherwise the
cokernel of C ¼ Vk; namely l2ðXakÞ; would be orthogonal to l2ðXbÞ and hence to the
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range of B:) Then Cðl2ðXbÞÞ ¼ l2ðXb0 Þ; where b0 is b with the initial ak segment
replaced by bk: Thus, lengthðb0Þ ¼ lengthðbÞ and b0ðnÞ ¼ bðnÞ; and b0 and n satisfy
(1)–(3) for A: Property (1) holds because
Pb0A ¼ Pb0CB ¼ CPbB ¼ CB ¼ A;
and properties (2) and (3) hold because b0ðnÞ ¼ bðnÞ:
Finally, suppose npnk: If kps then by property (2) we have akðnÞabðnÞ: This
implies that Xak is disjoint from Xb; so that l
2ðXakÞ is orthogonal to l2ðXbÞ and hence
A ¼ CB ¼ VkPbB is zero just as in the last paragraph, contradicting our assumption.
So we must have k4s: Then bk and nk satisfy (1)–(3) for A: property (1) holds since
Pbk is the range projection of C; and properties (2) and (3) follow from property (iii)
in the original deﬁnition of ak and bk together with the fact that sok: This completes
the proof of the claim.
Now let A be any ﬁnite product of elements ofU,V,V; at least one of which is
Pa; and let b be as in the claim. Since Z ¼ f2ðsÞ; property (3) implies that PbeZ; i.e.,
rðPbÞ ¼ 0: It follows from the Cauchy–Schwarz inequality for positive functionals
[3, Theorem 3.1.3] that
jrðAÞj2 ¼ jrðPbAÞj2prðPbÞrðAAÞ ¼ 0;
and hence rðAÞ ¼ 0: We have therefore shown that r vanishes on any ﬁnite product
of elements of U,V,V; at least one of which is Pa: Taking linear combinations
shows that r vanishes on any -polynomial in elements of U and V every term
of which involves Pa; and by continuity r then vanishes on the ideal generated
by Pa: &
Theorem. The C-algebra A is prime but not primitive.
Proof. A is prime by Lemma 1. Now let p : A-BðKÞ be an irreducible
representation on a Hilbert space K and let xAK be a unit vector. Then rðAÞ ¼
/pðAÞx; xS deﬁnes a state onA: By Lemma 2, there is a nonzero ideal I on which
r vanishes. Then
/pðAÞpðBÞx; pðCÞxS ¼ /pðCABÞx; xS ¼ rðCABÞ ¼ 0
for all AAI and B; CAA: Since p is irreducible x is cyclic, so this implies that
pðAÞ ¼ 0 for all AAI: Thus p is not faithful, and we conclude that A is not
primitive. &
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Note added in proof. Larry Brown has pointed out that the C-algebra constructed
in this paper has no faithful homogenous representations. In particular, it has no
faithful factor representations.
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